1* Introduction* A regular T o space having a base of countable order is called an Aronszajn space while a regular T o space having a λ-base (or equivalently a monotonically complete base of countable order) is called a complete Aronszajn space. Using the terminology in §2.2, it can be shown that a regular T o space is a (complete) Aronszajn space if and only if it has a (complete) Aronszajn sequence or equivalently a (complete) primitive Aronszajn sequence. An Aronszajn space S which is homeomorphic to a dense subspace of complete Aronszajn space X is said to be completable and X is called a completion of S. (When convenient to do so, the words "homeomorphic to" are ignored in the usage of this definition.) The first example of a noncompletable Aronszajn space was given in [7; Theorem 8] . More recently, additional examples have been found as corollaries to other investigation. In particular, every Aronszajn space which does not contain a dense metrizable subspace (hence every nonseparable Aronszajn space in which there do not exist uncountably many mutually exclusive open sets) is noncompletable. Thus the spaces in [7; Theorem 1] and [8; Theorem 1] are also noncompletable Aronszajn spaces. The space X constructed in [5; Theorem 3] and the space A in [4] are other examples of particular interest since the former is separable and the latter is metacompact.
In this paper the so-called "primitive concepts" of Wicke and Worrell are used to describe an internal property of a space which permits the construction of a model for a completion of an arbitrary completable Aronszajn space. This work was motivated by the efforts of Alzoobaee [1] , Green [2] , Reed [6] , and Whipple [9] to establish sufficient (and in some instances, necessary) conditions under which a Moore space has a completion or a semicompletion. 2* Preliminaries* It is assumed that the reader is familiar with the theory of primitive sequences and the related terminology found in [11] . The definitions presented in [11] will not be duplicated 234 THOMAS M. PHILLIPS here. The following additional terminology and notation will be used throughout this paper. NOTATION 2.1 . N denotes the set of positive integers and (S, τ) denotes a regular T o space. If G is a sequence of collections of subsets of a set X, then D(G) denotes the set of all decreasing representatives of G. If G is a primitive sequence of M in X, then P(G) denotes the set of all primitive representatives of G. If K is a well-ordered collection of sets and u is a subset of some element of K, then K(u) denotes the first element in K which contains u. If u = {P}, then K(P) denotes Kin).
Terminology 2.2. (1) Suppose / is a sequence of subsets of a space X. If $ is a point of X every neighborhood of which contains a term of /, then / is said to converge to x. A sequence h of subsets of X is coarser than / (or / is finer than h) provided every term of h contains a term of /. If / is finer than h and coarser than h, then / and h are said to be equivalent. If U Q X and for each n 9 fndU Φ 0, then / is said to intersect U.
(2) If Γ λ and Γ 2 are collections of sequences of sets, then Γ x is said to be finer than Γ 2 (or Γ 2 is coarser than ΓJ if each element of Γ x is finer than some element of Γ 2 . If /\ is finer than Γ 2 and coarser than Γ 2 , then /\ and Γ 2 are said to be equivalent.
( 3 ) If G is a sequence of collections of sets and Γ(G) is a collection of representatives of G, then a set ?7 is said to be Γ{G)-embedded in a set V if F contains a term of every element of Γ(G) which intersects U.
(4) An Aronszajn sequence of S is a decreasing sequence G of bases for S such that if geD(G) and P6f|?=il/»» then # converges to P. If each element of D(G) converges in S, then G is said to be complete. 
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// iί is an open primitive sequence of S and for each ne N, G n = (Gi); =1 is a primitive Aronszajn sequence of S such that if U is a neighborhood of PeS and ne N, there is a neighbor-hood of P which is P(G n )-embedded in U, then there is a completing primitive Aronszajn sequence W of S such that P{ W) is finer than P(H) and for each n, P(W) is
Suppose k e N and W lf , W k are well-ordered open covers of S such that if n <; k, then (IJ if w 6 W % , there is a point P such that w = T and if k > 1 and w^fc -1, then (y) and the first set u in W fc in which a; is P(G ί )-eπibedded for i = 1, •••, fc strictly precedes the first set v in W fc in which y is P(GO-embedded for i = 1, , k; or (c) H k+ί (x) -H k+1 (y) and ^ = v and x ^ y in r. Then TΓj b+i = {V h+ι (P) | P e S} covers S and TF* +1 (P) = V 4+1 (P) for each PeS. Thus (JJ holds for w = & + l. Let PeS. It again follows as in the proof of Lemma 2.4 that H k+ι (P) = H k+ι (W k+1 (P) ) and Gj c+1 (P) -Gl +1 (W k+1 (P)) for i = 1, , Jk + 1. Thus (I 2 ) holds for n = k + 1. There is a set w in V k+1 such that PeuQ H k+ί (P) Π Π^i 1 G*+i(P) and ^ is P(G*)-embedded in W k (P) for i = 1, ••-,&. Let it; be the first set in W k in which W k+1 (P) is P(GO-embedded for i = 1, , k. Then TΓ^P) ŵ . Note that Gί +1 (w) -Gi+i(P) = Gi +1 ( FΓ 4+ι (P)) for i = 1, .. , k + 1 and -ff fc+1 (^) = H k+1 (P) = ίί fc+1 (TΓ fc+1 (P)). Also note that the first set in W k in which t6 is P(G ί )-embedded for i -1, , k is not preceded by Tf 4 (P). Thus if W k {P) < w, then V k+ί (P) ^u<W k+1 (P) which is a contradiction. So W k (P) = w. Hence W k+ί (P) is in W k (P) for i = 1, , k and (7 3 ) holds for n = k. It follows that there is a sequence W of well-ordered open covers of S such that (iiHIs) hold for all n. By (J,), W» +ι (P) £ fl^(P) which, along with (IJ, implies that TF is a primitive closurewise sequence of S. By Lemma 2.3, P(W) is finer than P(H) since W n (P) S fl" (P) by (J 2 ). Similarly it can be shown that W n (P) £ G£(P) for i ^ w implies that P(W) is finer than P(G*) for each i e iSΓ. The fact that P(W) is finer than PiG 1 ) implies that W is a primitive Aronszajn sequence of S and, along with (I 3 ), that W Λ+1 (P) is P( W)-embedded in W n {P). Thus TΓ is completing. is a base for a topology r* on S* and S is homeomorphic to a dense subspace of S*. The space (S*, τ*) will be denoted by S$(W) and will be called the primitive extension of S by W. THEOREM [12] .
If W is a primitive Aronszajn sequence of S, then S*(W) is a T Q space having a complete primitive base

Hence if Sp(W) is regular, then it is a complete Aronszajn space.
Proof. For each n, let Wt = {w* | w e W n ] be well-ordered so that U < V in WZ if and only if the first element u of W n such that u* -U strictly precedes the first element v of W n such that v* = V. Then W* = TFf, TF 2 *, has the property in the definition of a complete primitive base given in [12] . The second conclusion follows from [12; Theorem 3] . THEOREM 
If W is a primitive Aronszajn sequence of S, then Sp(W) is a complete Aronszajn space if and only if W is completing.
Proof. The property in the definition of a completing primitive Aronszajn sequence of S is easily shown to be a necessary and sufficient condition for S*(W) to be regular. The result then follows. THEOREM 
S is a computable Aronszajn space if and only if S has a completing primitive Aronszajn sequence.
Proof. Suppose S is a completable Aronszajn space and let X 238 THOMAS M. PHILLIPS be a complete Aronszajn space containing S. Let B (resp. G) be a (complete) Aronszajn sequence of S (resp. X) and let W be as in Lemma 2.4. Since W n C 2? % , it follows that T^ is a primitive Aronszajn sequence of S. Let PeS and ne N and suppose w eP(W) intersects W n+1 (P) . Let # be an element of D(G) which is coarser than w. Since G is complete, g converges to some point Q e X and Q e T£ U(W n (P)). So U(W n (P)) contains a term of 0 and hence W n (P) contains a term of w. Thus W n+1 (P) is P(ΐF)-embedded in *PΓ n (P) and W is completing.
The converse follows from Theorem 3.3.
COROLLARY 3.5. S is a completable Aronszajn space if and only if there is an Aronszajn sequence B of S such that if Pe S, then every neighborhood of P contains a D(B)-embedded neighborhood of P.
Proof. Suppose S is a completable Aronszajn space and let W be a completing primitive Aronszajn sequence of S. For each n, let
is a decreasing sequence of bases for S and by [10; Lemma 2.2 
], D(B) is finer than P(W).
This latter property implies that B is an Aronszajn sequence of S. Let PeS and let U be a neighborhood of P. There are integers n and fc such that W k {P) is P(WO-embedded in W n (P) and TΓ»(P) £J7. Since D(B) is finer than P(T7), W k (P) is J9(B)-embedded in [7. Conversely if B is a sequence as described in the corollary and G is a primitive closurewise sequence of S such that G n £ !?", then G has the property of G n in Lemma 2.5 and by that lemma, S has a completing primitive Aronszajn sequence. REMARK 3.6. By Theorems 3.3 and 3.4 , if S is a completable Aronszajn space, then S has a completion of the form S%W) for some completing primitive Aronszajn sequence W of S. The example given below shows that not all completions of S need be of this form. However, by Theorem 3.8, every completion of S contains a completion of this form. EXAMPLE 3.7. There exists a completable Aronszajn space S and a completion X of S such that X is not homeomorphic to Sp(W) for any primitive Aronszajn sequence W of S.
Proof. Let Q (the space of all rational numbers), R (the space of all real numbers) and N have their usual topologies and let S = N x Q have the product topology. Let ΰbea collection of increasing sequences of positive integers which is maximal with respect to the property that if x and y are distinct elements of B, then {n\x n -y n } is at most finite. B is uncountable. Let X -B U (N x R) be topologized so that N x R has the product topology and for each x e B, basic open sets about x are of the form U(x; n) = {x} U {(x k , f)\k7>n and teR} for each neN. X is a complete Aronszajn space having S as a dense subspace. If W is a primitive Aronszajn sequence of S, then TP Λ is countable for each n; hence {^l^eU^iWJ is a countable base for S£(TF). Since X is not metrizable, X cannot be homeomorphic to Sp(W). THEOREM 
If S is a completable Aronszajn space and X is a completion of S, then there is a completing primitive Aronszajn sequence W of S such that Sp( W) is homeomorphic to a subspace of X.
Proof. We will assume that S is a subspace of X. Let B (resp. (?) be a (complete) Aronszajn sequence of S (resp. X) and let W be as in Lemma 2.4. As in the proof of Theorem 3.4, W is a completing primitive Aronszajn sequence of S. Since every element of P(W) converges in X, the mapping φ from S%(W) into X given by 0([#]).= lim x is well-defined.
Suppose x and y are elements of P(W) which converge to the same point P in X. Let neN. Using the notation of Lemma 2.4, we have that Peyξ +ι QU(y n+ί ) x QU(y n ). So U(y n ) f hence y n , contains a term of x. Thus x is finer than y and similarly y is finer than x. Hence x and # are equivalent and φ is an injection.
Let w e P( W) and let U and V be open sets in X such that 9([w]) € F and F x £ ί7. There is an w such that w n S F. Proof. Let A be a base for S. There is an Aronszajn sequence B of S such that B n £ A for each n. As in the proof of Theorem 3.4, there is a completing primitive Aronszajn sequence W of S such that W n £ B n for each n. Then {w* | w e \JZ=iW n } is a base for S^W) which is easily shown to be point-countable or σ-disjoint according as A is point-countable or ^-disjoint. THEOREM [3] . The space described in [7; Theorem 9 ] is a semicomplete Moore space which is not complete. A Moore space which is homeomorphic to a dense subspace of a semicomplete Moore space is called semicompletable. All of the examples of noncompletable Aronszajn spaces cited in the introduction are nonsemicompletable Moore spaces. DEFINITION 4.1. If G is a sequence of collections of sets and Γ{G) is a collection of representatives of G, then a set U is said to be uniformly Γ{G)-embedded in V if for each g e Γ(G) which intersects U, there is an neN such that V contains every set in G n which is intersected by g. A sequence G of open covers of a space X having the property that if g is a representative of G and x e ΠSU Q-m then g converges to x is called a development of X and X is said to be developable. A development G of X is called semicomplete if each element of D(G) converges in X. A {semicomplete) primitive development of X is a (semicomplete) development of X which is a primitive closurewise sequence of X. A primitive development W of X is said to be semicompleting if for each w eP( W) and neN, there is a keN such that w k is uniformly P(TF)-embedded in w n . THEOREM 
If W is a semicompleting primitive development of S, then S*(W) is a semicomplete Moore space.
REMARK 4.3. Results and questions analogous to those in paragraphs 3.4 through 3.14 of the previous section can be obtained for semicompletable Moore spaces by the proper translation of terminology. The term "Aronszajn sequence" without the adjective "primitive"
